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Abstract 



The Noether charge algebras of D-brane actions contain two anoma- 
lous terms which modify the standard supertranslation algebra. We 
use a cocycle approach to derive associated spectra of topological 
■ charge algebras. The formalism is applied to (p, g)-strings and the 

, D-membrane. The resulting spectra contain known algebras which 

I/"") | allow the construction of extended superspace actions. 
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1 Introduction 



Various types of branes are classified according to the CE (Chevalley-Eilenberg) 
cohomology pQ of their field strengths. For p-branes, the WZ (Wess-Zumino) 
term is the pullback of a superspace form defined by its field strength. This 
field strength is the unique, nontrivial (p + 2)-cocycle of the CE cohomology 
with the correct dimensionality [2]. A similar classification also occurs for 
D-branes [31 E] . The CE nontriviality of these brane field strengths has some 
interesting consequences. 

Firstly, the WZ term is necessarily super-Poincare invariant only up to a 
total derivative. As a result, when the topology of the background superspace 
is nontrivial, the Noether charge algebra can be extended by a topological 
"anomalous term" pJJ. For branes with worldvolume gauge fields, there is 
a second modification to the algebra that results from the transformation 
properties of the gauge field [HIE!- For D-branes, this modification is due 
to the presence of the BI (Born-Infeld) worldvolume gauge field. Terms of 
the D-brane Noether charge algebra associated with bosonic topology were 
explicitly found for the type IIA cases [Zj . One must necessarily solve a series 
of descent equations to find the anomalous terms. Representative solutions 
to the D-brane descent equations were found, and the associated bosonic 
topological charges given El UHj • 

There is a construction involving ghost fields which describes the appear- 
ance of anomalous terms in Noether charge algebras. In this construction, 
the anomalous term for the p-brane arises as an element of the second co- 
homology of a "ghost differential" acting on a loop superspace [TTj. The 
appearance of anomalous terms in the D-brane Noether charge algebra can 
be described in a similar way ^2] ■ The cohomological descent nature of the 
equations is manifest in this approach. 

Extended superspace formulations have been considered in the case of 
both p-branes and D-branes. In the case of p-branes it was noted that ex- 
tended superalgebras exist which allow manifestly super-Poincare invariant 
WZ terms to be constructed [131 EU El Extended superspace actions for 
(p, g)-strings, D-branes and string-brane systems can also be constructed 
[TH1 Uni El HI El- In all these cases, one seeks extended supertranslation 
algebras which trivialize the brane field strengths with respect to CE coho- 
mology. Topological charge algebras of standard actions start to resemble 
these extended algebras once fermionic topological charges are considered. 
For example, superspaces which include both bosonic and fermionic topolog- 
ical charges can be candidates for the construction of extended superspace 
actions [TH] . In general, the bosonic topological charges now become non- 
central. The explicit construction of fermionic charges was considered in 
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pa maim. 

Recently, we approached p-brane topological charge algebras from the 
point of view of a single cocycle associated with the p-brane j2l]. The WZ 
field strength and the anomalous term are described as two different repre- 
sentatives of this cocycle. Due to gauge transformations of the cocycle, the 
anomalous term is described as a full cohomology class. For the standard 
superspace action, this class is unique and nontrivial. Due to the gauge free- 
dom, there is a full "spectrum" of topological charge algebras resulting from 
the anomalous term. Upon retaining the terms associated with fermionic 
topology, the algebras used in extended superspace formulations of p-branes 
appear in the spectrum of topological charge algebras of the standard action 

eh 1221 

In this paper, we generalize this work to the case of D-branes. There are 
two nontrivial cocycles associated with the D-brane, and each one generates 
an anomalous term of the Noether charge algebra. The topological charge 
algebras resulting from these anomalous terms are shown to be extensions 
of the standard supertranslation algebra by two disjoint, commuting ideals. 
Explicit representatives of both anomalous terms are found for the (p, q)- 
strings and the D- membrane. We generalize previous work in this regard by 
retaining the terms associated with fermionic topology. For the string, gauge 
freedom is used to generate a spectrum of topological charge algebras which 
is invariant under type IIB 5*0(2) rotations. A topological charge algebra 
for (p, g)-strings is then deduced. For the membrane, the topological charge 
algebras associated with the NS-NS (Neveu-Schwarz) potential are derived. 
Although only the string and membrane algebras are explicitly derived, sub- 
algebras associated with the NS-NS potential are common to all type IIB 
and type IIA D-branes respectively. In both cases, the spectrum of topologi- 
cal charge algebras contains known algebras which allow the construction of 
extended superspace actions. 

The structure of this paper is as follows. In section standard D-brane 
actions in flat backgrounds are reviewed. Two additional formulations of 
the action are then presented: a manifestly invariant formulation, and a set 
of 5*0(2) dual actions for type IIB backgrounds. In section El the cocycle 
approach is generalized to D-branes. We review the relation between anoma- 
lous terms of the Noether charge algebra and the nontrivial cocycles of the 
D-brane. The single cocycle approach is presented. The resulting topological 
charge algebras are shown to be extensions of the standard supertranslation 
algebra by disjoint, commuting ideals. In section 01 the general formalism 
is first applied to an 50(2) dual set of D-strings. Representatives of the 
anomalous terms are found, and gauge freedom is then used to generate a 
spectrum of 50(2) invariant topological charge algebras. A gauge fixed al- 
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gebra for the (p, g)-strings is then deduced. In section representatives of 
the anomalous terms of the D-membrane are found. A spectrum of topolog- 
ical charge algebras associated with the NS-NS potential is then derived. In 
section |Hl we comment on the results. 



2 D-branes 

2.1 Standard actions 

For this paper we will work with the standard, flat, background superspaces 
in d=10. The backgrounds are defined by the chirality of the spinors. Weyl 
spinors are eigenspinors of the idempotent "chirality matrix:" 

r 11 = r ...r 9 . (1) 

Since Tn is traceless, the eigenvalues are ±1 in equal numbers. Majorana 
spinors satisfy 9 a = d^C^ a , where Cp a is the antisymmetric charge conjuga- 
tion matrix. Type IIA superspace consists of a single Majorana spinor (or 
equivalently, two Majorana- Weyl spinors of opposite chirality). Type IIB 
superspace consists of two Majorana- Weyl spinors of the same chirality. For 
type IIB superspace it will be assumed that spinor indices are accompanied 
by a suppressed index I = (1,2) which identifies the spinor. The Pauli ma- 
trices ((7j)jj act upon these indices. Indices on Pauli matrices are raised 
and lowered with the Kronecker delta, while indices on gamma matrices are 
raised and lowered from the left by the charge conjugation matrix. T a al 3 is 
assumed to be symmetric. The de Rham differential acts from the right, and 
wedge product multiplication of forms is understood. 
The superalgebra of the supertranslation group is: 

{QajQp} = ^apPa- (2) 

The corresponding group manifold can be parameterized: 

g(Z) = e xap «e eaQ « (3) 
Z A = (x a ,9 a ). 



The left vielbein is defined by: 



L(Z) = g- 1 (Z)dg(Z) (4) 
= dZ M L M A (Z)T A , 
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where Ta represents the full set of superalgebra generators. Its explicit com- 
ponents are: 



L a = dx a -^d6T a 9 (5) 
L a = d6 a . 

The right vielbein is defined similarly: 

R(Z) = dg(Z)g-\Z) (6) 
= dZ M R M \Z)T A . 

The left action of the supertranslation group on itself is defined by: 

g(Z') = g(e)g(Z). (7) 

This action is generated by operators Qa ("left generators"). One finds: 



5Z M = e A Q A Z M 
= e A R A M , 

where Ra m are the inverse right vielbein components, defined by: 



Ra M Rm B = 5a B - (9) 

Explicitly this yields: 

Q a x m = 6 a m , Q a 6» = 0. 

Forms that are invariant under a global left action will be called "left invari- 
ant." The left vielbein components are left invariant by construction. 

Super-Dirichlet-p-branes (Dp-branes) are ^-symmetric, p + 1 dimensional 
manifolds ( "worldvolumes" ) embedded in the background superspace. Dp- 
branes in type IIA superspace exist only for p even, while those in type IIB 
superspace exist only for p odd. Actions for D-branes have been developed 
in both flat and more general backgrounds O E3 EE! • We 

now present 

the action with the conventions adopted in this paper. 

Let the worldvolume be parameterized by coordinates a 1 . The worldvol- 
ume metric is defined using the pullbacks of the left vielbein components: 

U A = d t Z M L M A (10) 
9ij = Li a Lj b r] a b. 
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The action consists of two terms: 

S = Sdbi + Swz- (11) 
The DBI (Dirac-Born-Infeld) term is: 

Sdbi = ~ J d p+1 a^ -det( 9l , + F~). (12) 

F is a 2- form 1 : 

F = B-dA. (13) 

A = da % Ai is the BI worldvolume gauge field, which is a 1-form defined only 
on the worldvolume. The NS-NS potential B is a superspace 2-form defined 
by: 

dB = H, (14) 

where H is the left invariant, NS-NS 3- form field strength. For type IIA 
superspace, H is: 

H = h a d6T 11 T a d6, (15) 



while for type IIB: 



H = -^L a d9T a a 3 d6. (16) 



It is a characteristic feature of super-p-branes of various types that closure 
of field strengths requires "Fierz identities" for products of gamma matrices. 
Closure of H requires a "standard" identity [24]. For type IIA superspace 
this can be written: 

r a (a/3(riira) 7 5) = 0, (17) 

while for type IIB: 

r a (a/3 (r a a 3 ) 7(5 ) = o. (is) 

The second term in the action is the WZ term: 

Swz = [b. (19) 



1 It suits us to have dF = H . Hence the difference in sign convention with respect to 
some prior literature. 
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It is defined by the formal sum of forms: 

b = be F . (20) 

The form of degree p + 1 is selected from this sum and the integral is then 
performed over the worldvolume of the brane. In general we will denote 
the form of a specific degree in a formal sum by a number in brackets. For 
example: 

b = ®b {n) . (21) 
The R-R (Ramond) potentials b^ are defined by: 

R = db + bH. (22) 
The R-R field strengths are left invariant superspace forms: 

R (n) = (-i)PdOS {n - 2) d6, (23) 
where for type IIA superspace the are given by: 

S {n) = ^L^...L a -T ai ... a T u ^ +1 \ (24) 

while for type IIB: 

S {n) = ^L ai ...L a "r ai ... an a 3 [ ^ +11 a 1 . (25) 

It follows from ()22j) that the total field strength for the WZ term is the degree 
p + 2 piece of: 

h = db (26) 
= Re F . 

Closure of h is equivalent to some more general Fierz identities. For type IIA 
superspace these are: 

(m — i)(Txi 2 r[ 01 „. OTO _ 2 )( Q , j g(rxir 0m _ 1 ]) 7 ^) (27) 

m + 2 

-r m ( a/ 3(rn 2 r ai ... am ) 7<5 ) = o, 

while for type IIB: 

(m - l)(r [ai ... am „ 2 a3 Z2 2 ti ai) (a/ 3(r am _ l] a 3 ) 7 5) (28) 

m+3 



+T am {af3 (T ai ... am cr 3 — ai) 75) = 0. 



Most of these can be shown to hold by repeated use of the m = 2 identity 
|21 Ell- 
Left invariance of the action requires that the BI gauge field must trans- 
form under the left action of the supertranslation group. This transformation 
is determined by the requirement that the potential F must be left invariant. 
Since [d, Q A ] = 0, it is required: 

dQ A A = Q A B. (29) 

From the left invariance of H it follows that: 

Q A B = ~dW A (30) 

for some set of 1-forms W A . Hence: 

QaA = -(W A )i (31) 

is the required transformation of the BI gauge field [7]. Furthermore, since 
H is CE nontrivial, there does not exist a potential B such that Q A B = 

for all q a nam. 

2.2 Manifestly left invariant action 

The variation of the WZ term of the standard action under the left group 
action is analogous to ([30)1: from the left invariance of h it follows that the 
variation of the WZ term is a total derivative: 

Q A b = -dw A . (32) 

Since h is CE nontrivial, there does not exist a potential b such that Q A b = 
for all Q A [Hill]- As a result, the standard Lagrangian is not manifestly left 
invariant. 

A manifestly left invariant formulation for D-branes which we will not ex- 
plicitly describe here is the "scale invariant" approach j!2j . For the purposes 
of this paper we find it more convenient to define a simple, manifestly left 
invariant generalization of the standard action. First introduce an additional 
worldvolume p-form gauge field: 

a = da ip . . .da il a il i — (33) 

satisfying: 

QAdh.-ip = —('WA)i 1 ...i p - (34) 
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One then uses the alternative action: 



S = -j d p+1 a^-det( giJ +F tJ )+ I f (35) 
/ = b — da. 

Unlike the components of the BI gauge field, the fields a^s are not physical 
degrees of freedom since they appear trivially (in a total derivative) in the 
action. 

2.3 Type IIB 50(2) rotations 

There are various dualities relating different D-brane actions [21] • If one 
includes nonvanishing background scalars (dilaton and axion) in the action, 
the dualities can be explicitly studied. Although this is an indirect issue 
for the purposes of this paper, in section |U we will find it useful to con- 
sider the rotations of the type IIB D-string action. Classically there is an 
SL(2, M) duality, but quantum considerations restrict this to SL(2, Z). There 
is then an SL(2, Z) multiplet of (p, g)-strings [2E1 123 123 EDI ED] ■ Although 
the background scalars transform inhomogeneously under SL(2, M), one may 
consistently set them to zero if one considers only the SO (2) automorphism 
subgroup. The Pauli matrix o"2 can be taken as the generator for these au- 
tomorphisms, and the standard type IIB superspace action corresponds to 
a particular choice of 5*0(2) frame [21]- We wish to investigate how these 
frame rotations affect the results. The automorphisms can be implemented 
via rotations of the Pauli matrices [22] • However, for studying the properties 
of the Noether charge algebra it is useful to have an implementation in terms 
of field transformations instead. Such possibilities were considered in [H]. We 
take: 

= x (36) 
^ = e ^ a2 6. 

The worldvolume metric is invariant under these transformations. The world- 
volume gauge field is defined as usual by its transformation properties (in 
particular, the left invariance of F must be preserved). The set of type IIB 
D-brane actions S^ with a free angular parameter is then: 

S 4 ,[Z 1 A] = S[Z <I> ,A 4 \. (37) 
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3 D-brane cohomology 



Using cohomological methods to investigate the anomalous terms of the 
Noether charge algebra gives insight into their geometrical origin. A constant 
ghost partner e A is introduced for each superspace coordinate. A "general- 
ized" (m, n)-form Y is then written: 

Y = e B "...e B ^L A -...L A -Y Al ... Am , Bl ... Bn ^- (38) 

mini 

The space of (m,n)-forms will be denoted Q m,n , and the collection of such 
spaces Q*'*. Because D-branes have worldvolume forms that cannot be de- 
fined on the background superspace, the space Q m,n will consist of world- 
volume forms. Where a superspace form is used in the construction, the 
pullback of that form to the worldvolume is implied. A ghost differential s 
introduced in ^1] can be defined by the properties: 

• s is a right derivation. That is, if X and Y are generalized forms and 
n is the ghost degree of Y then: 

s(XY) = Xs(Y) + (-l) n s(X)Y. (39) 

• If X has ghost degree zero then: 

sX = e A Q A X. (40) 

se A = le c e B t BC A , (41) 

where t BC A are the structure constants of the supertranslation algebra. 

The operators s and d commute. However, for {s, d, Q*'*} to define a double 
complex we must show that s is nilpotent (i.e. s 2 = 0). In the case of p- 
branes where everything is defined on the background superspace, this turns 
out to be identically true. For D-branes, the transformation properties of the 
BI gauge field (which is not part of the background) complicate the issue. 
Nilpotency of s does not hold for an action on arbitrary fields (for example 
s 2 A ^ 0). However, the BI gauge field appears in the action only through 
the potential F. One of the defining properties of F is its left invariance, 
which may be written [T2] : 

sF = 0. (42) 
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It follows that s is nilpotent (and defines a double complex) when we restrict 
the BI gauge field to appear in Q*>* only through F. 
The total differential D is |21j : 

D = s + {-l) n+1 d (43) 
D 2 = 0. 

Generalized /-forms are defined on an associated single complex Q* D , which 
is the anti-diagonal of the double complex: 

n l D = {®Q m > n ; m + n = I}. (44) 

The Z-th cohomology of D is: 

H l D = Z l D /B l D) (45) 

where Z l D are the D cocycles, and B l D are the D coboundaries. The restriction 
of H l D to representatives within VL m > l ~ m will be denoted H m ' l ~ m . The D 
cocycle of the p-brane is associated with the CE nontrivial (p+2)-form field 
strength of the WZ term. The D-brane has two such field strengths: the 
NS-NS 3-form H and the WZ (p + 2)-form h. As a result, there are two 
separate D cocycles associated with the D-brane: the "NS-NS cocycle" and 
the "WZ cocycle". 

First consider the NS-NS field strength H = dB. This is a nontrivial 
element of the CE cohomology in both the IIA and IIB cases H]. The 
D cocycle associated with H exists in the "NS-NS double complex." All 
elements of this complex are required to be Lorentz invariant, generalized 
forms of dimension two. The commuting nature of the operators leads to the 
descent equations (12] : 

H = dB (46) 
S B = -dW 
sW = dN, 

which are graphically depicted in the "tic-tac-toe box" of figure ^ The 
different representatives of the NS-NS cocycle are found on the LHS of these 
equations. Just as in the p-brane case, there is gauge freedom for the cocycle 
|2*T| . The gauge fields for the NS-NS cocycle that are of interest to us are \l/ e 
fl 1,Q and A G fl ' 1 . The corresponding transformations can be summarized 
as: 

A(B ®W®N) = © A). (47) 
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3 dB 
2 B 

T i w 

d | N sN 

12 3 

s — > 

Figure 1: Descending sequence for the NS-NS field strength 



Explicitly this gives: 

Afi = -dV (48) 
AW/ = sV + dA 
AN = sA. 

Gauge transformations of the BI gauge field follow from those of the cocy- 
cle potentials. We now derive these transformations. The left transformation 
JHIl of A can be written jTJj: 

sA = -W. (49) 

However, due to the gauge transformations IjlBj). the potential W is not 
unique. Equation (}4T?|) then implies that the BI gauge field must transform 
under \1/ and A. Firstly, the left invariant potential F should be gauge invari- 
ant in order to preserve the symmetries of the action. By requiring invariance 
of F under ^ it follows that the general form for the gauge transformations 
of A is: 

AA = -*-dT. (50) 

However, invariance of F under A means that the gauge fields T and A are 
not independent; they must be related by: 

sT = A. (51) 

In general this has no solution if T is a scalar on the background superspace. 
Therefore T must be a worldvolume scalar. Note that this is analogous to 
the interpretation of the BI gauge field. The equation ()49)1 has no solution 
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if A is defined as a superspace form (the nontriviality of H prevents such 
a solution); therefore A must be a new degree of freedom defined on the 
worldvolume. 

The algebra of conserved charges of the D-brane action contains an anoma- 
lous term due to the transformation properties of the BI gauge field [HI El- Let 
(Pm,P % ) denote the momenta conjugate to (Z M ,Ai). The minimal charges 
of the action are: 

Qa = J d p a[Q A Z M P M + Q A A i P i j (52) 

dP ( j[R A M PM-{W A ) i P i 

where the integral is over the spatial section of the worldvolume. Introduce 
the fundamental (graded) Poisson brackets for the phase space 2 : 

[P M (a),Z N (a')} = 5 M N 6(7?-o>') (53) 
[P>),^V)} = ^5(1?- o>'), 

where it is assumed a' = a (i.e. equal time brackets). The Dirac delta 
function notation is shorthand for the product of the p delta functions as- 
sociated with the spatial coordinates of the worldvolume. Let us denote the 
H 1 ' 2 cocycle representative by: 

M = sW. (54) 
One then obtains the "minimal algebra" under Poisson bracket [7j: 

\Qa,Qb] = ~tAB C Qc ~ J d p a(M AB ) i P i . (55) 

For convenience we define a "hat map" for elements Y G Q 1,n of the NS-NS 
double complex: 



Y = - j d p aYiP\ (56) 

so that the algebra (J55|) is: 

[Qa,Qb} = ~t AB c Q c + M AB . (57) 

The minimal algebra is therefore already a modification by M AB of the stan- 
dard supertranslation algebra due to the presence of the BI gauge field. This 

2 Different types of bracket operation are used in this paper. We will not explicitly 
indicate the type since this should be clear within context. 
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modification will be referred to as the "NS-NS anomalous term" (since it 
descends from the NS-NS field strength H). 

The BI gauge field appears in the action only through its field strength. 
This leads to constraints on the conjugate momenta P % 7\. Firstly, since 
qtJ^q = 0; there is the primary constraint: 

P° = 0. (58) 

Denote the spatial worldvolume coordinates by a 1 . The Euler-Lagrange 
equation for A then yields the secondary "Gauss law" constraint: 

d^ 1 = 0. (59) 

Now applying these constraints, and using M = dN, gives: 

Mab = -J d^d^NAsP 1 ). (60) 

The NS-NS anomalous term therefore consists of topological integrals, just 
as the p-brane anomalous term does. Note that once the constraints are 
imposed, the minimal charges lose their status as generators of the left group 
action. Therefore, the constraints should be applied only after the topological 
charge algebra has been evaluated. 

Just as in the case of the p-brane, the minimal charges (|52|) are generally 
non-conserved, and this is due to quasi- invariance of the WZ term jSJ[7j. The 
second modification to the Noether charge algebra derives from the WZ field 
strength. The first three descent equations for the fields of the "WZ double 
complex" are: 

h = db (61) 
sb = —dw 
sw = dn. 

The sequence ends with the potential r e Q 0,p+1 , and the associated cocycle 
representative sr e H 0,p+2 . This has been depicted in the tic-tac-toe box of 
figure El The exponential e F in the WZ term is preserved by the operators 
d and s. All fields of the sequence are therefore formal sums containing this 
factor. Defining: 

w = we F , (62) 
the descent equation sb = —dw is then equivalent to [T2] : 

sb = —wH — dw. (63) 
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Figure 2: Descending sequence for the WZ field strength 



The H p ' 2 cocycle representative is then: 

swe 



m = me (64) 

F 



This leads to the algebra of conserved charges as follows. The variation of 
the WZ term is a total derivative: 

Qa£wz = -diWA, (65) 

where 

w/ = ^'-•' ; V;,.,,.. l . (66) 
The conserved currents associated with this quasi-invariance are then: 

= Q * zM a(B^ +QAA '^) +aA ' (67) 

8,^/ = 0. 

Let the spatial section of the worldvolume be a closed manifold embedded 
in superspace by the map $. For convenience we define a "bar map" by its 
action on (p, n)-forms Y: 



Y = (-If / (6J 
14 



The conserved charges of the currents (|57jl are then "modified Noether charges:" 



Qa = Qa + vua- (69) 
The Q A obey a modified version of the minimal algebra [Zj: 

Va^b} = -tAB C t> c + M AB + m AB , (70) 

with 

rn AB = \Q A ,w B } + [w A ,Q B } +t AB c w c . (71) 

We refer to fa as the "WZ anomalous term" (since it descends from the 
WZ field strength h) . Just as in the p-brane case, the components m AB are 
topological integrals since m = dn is a closed form. 

Let us investigate what happens if we use the manifestly left invariant 
action (|35|) instead of the standard one. In this case there will be no con- 
tribution to the topological charge algebra from quasi-invariance of the WZ 
term. However, the mechanism outlined for the BI gauge field contribution 
also applies to the p-form gauge field [3 H2] . Since the worldvolume is p + 1 
dimensional, before constraints are taken into account, the p-form gauge field 
has p + 1 independent components. We will conveniently take 3 : 

a* = ^ p - ni a ll ... lp (72) 

as the independent components. The left transformation of a 1 follows from 
(jH and PJ): 

Q A a l = -w A \ (73) 
Define the momenta conjugate to a 1 : 

p - = 8<h) c (74) 

The conserved charges are then the Noether charges: 

Qa = J dPa[Q A Z M P M + Q A A i P i + Q A a l p t ] (75) 

= J dPa[R A M P M - {WAiiF* ~ w/Pi}. 
3 Note this is the same "Hodge dual like" map used in (|fifi|> . 
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This yields the Noether charge algebra: 

(76) 

with rriAB 1 defined in the same way as (fBfijl. (|72|) . These charges are once again 
topological in nature as a result of constraints for the momenta conjugate to 
the p-form gauge field. These constraints, which arise in the same way as 
those for the BI gauge field, are found to be: 

dm = (77) 
Vi = o. 

In fact, since the p-form gauge field enters the action ()35|) trivially, we can 
simply evaluate the momenta to obtain: 

Po = -1 (78) 
Pi = 0. 

Using this in (|7Sjl. we then recover exactly the topological charge algebra (fTOj) 

of the standard action, but with Q A replaced by Q A . That is, the conserved 
charges are now strict Noether charges instead of "modified" ones. Thus, 
whether one uses the standard action (fTTj) or the manifestly invariant one 
([35)1 . the algebra of conserved charges is the same. This is essentially the 
result suggested in ^2] for the scale invariant formulation, although with a 
minor difference. In the scale invariant formulation, the p-form momenta po 
is not fixed to a specific value as in (JZHJ), so it becomes a constant multiplying 
the associated anomalous term. The same observations also clearly apply to 
the analogous formulations of ordinary p-brane actions. 

For p-branes, the topological charge algebras can be analyzed in terms of 
operators and forms based in the double complex j2l]. The anomalous term 
is thus seen to generate an extension of the background superalgebra by an 
ideal. We now show that this procedure also applies to the anomalous terms 
of the D-brane Noether charge algebra. For the WZ anomalous term (|64p. 
the only difference from the case of the p-brane is the presence of factors of 
F. However, since F is left invariant, only the variations of m contribute to 
the algebra. For the NS-NS anomalous term, the additional feature is the 
presence of the momenta P l conjugate to the components of the BI gauge 
field. At first this seems to complicate matters since both the conserved 

charges Q A and the WZ anomalous term m have dependence upon A^. This 
could in principle generate "cross terms" that do not arise in the case of 
the p-brane (because there are no momenta in the p-brane anomalous term). 
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Qai Q 



B 



t AB C Q c - / d p a (MAB^P' + rrtAB'pi 



However, it turns out that these cross terms vanish. Firstly, appears only 
through its field strength, in products of: 

Fij = IS,, ■2i),.\ l . (79) 

Using the bracket: 

[Fyia), !*(</)] = -25^8^ -a'), (80) 

one then finds: 

[F l3 (a),M AB ] = ^d^NAsia) (81) 
= 0. 

If Mab is split into closed forms representing superalgebra generators, the 
same calculation also holds for each generator. We thus have: 

[m A B,M CD } = 0. (82) 

It also follows that the action of the conserved charges on the anomalous 
terms is equivalent to the action of the minimal charges: 

^a,M cd } = [Qa,M cd } (83) 

Qa^cd} = Qa^cd}- 

The result is that we may use the double complex to find the topological 
charge algebra. Define the "modified left generators:" 

Qa = Qa + wa- (84) 

We assign to Qa the minimal algebra: 

[Qa,Qb} = -t A B C Qc + M AB - (85) 

One then finds that the algebra generated by Q A and {Mab^ab} (tak- 
ing forms to commute with forms) is the same as that generated by Q A 
and {Mab-i^ab} under Poisson brackets. We may thus find the topological 
charge algebra by using the forms which represent the two anomalous terms. 
It also allows the spectrum of algebras resulting from each anomalous term 
to be considered in isolation. We summarize with: 

Theorem 1 (extension) The anomalous terms of the D-brane Noether charge 
algebra define extensions of the standard supertranslation algebra by two dis- 
joint ideals. The first derives from the cohomology class [M] e H 1 ' of rep- 
resentatives for the NS-NS cocycle, the second from the class [m] e H p ' 2 of 
representatives for the WZ cocycle. The generators of both ideals commute 
amongst themselves and with each other. 
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4 Application to (p, g)-strings 



4.1 D-strings 

Let us investigate a combination of the manifestly left invariant action (}35|) 
and the rotated action (jHZj). The SO(2) rotated fields are given by 4 : 



x 



(86) 



al 

b 

al 



(e^ 2 ) 1 je aJ 







cos(20) 


-sin(20) ' 




" A ' 






sin (20) 


cos(20) 




a 



The string case is special in that the field strengths (H, h) transform as an 
5*0(2) vector doublet. The potentials and worldvolume gauge fields of the 
double complex will be chosen such that they respect this transformation 
property. That is, only solutions to the descent equations which transform 
as vector doublets under (jHHjl will be considered. The defining properties of 
the relevant doublets are: 

• (B,b): 



dB 



db 



H 
1 



L a dQV a a x dQ 



-L a d9T a a 3 d9. 



*7) 



(W,w) 



sB 
sb 



-dW 
-dw. 



(A,a): 



sA 
sa 



-W 
—w. 



(89) 



4 Note that e^ Q/ are chiral ghost fields while (e 1 ^" 72 ) 1 j is an exponential. 
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Define left invariant potentials in the usual way: 



F = B-dA (90) 
f — b — da. 



The set of 5*0(2) dual actions is then given by (pT7jl with: 



S = - J d'a^J -detOfc + Fjj) + J f, (91) 

which differs from that of 8J by the inclusion of the p-form gauge field and 
the gauge field rotations. Because of the equivalence of the NS-NS and R-R 
sectors, all strings in the orbit are viewed as being of the same generalized 
type. In fact, up to a normalization constant, the actions 5o and 5i describe 
the (1, q) and (p, 1) elements of the (p, g)-strings that are related through the 
SX(2,Z) duality 5 [2EJ Ha 123 EDI EH ■ 

Construction of the anomalous term follows along the lines of (176)1 . except 
that no "Hodge dual like" fields are required since both worldvolume gauge 
fields are 1-forms. After constraints are imposed, their conjugate momenta 
are constants. Define (P\p l ) as the doublet of momenta conjugate to (Ai, a*) 
respectively. For convenience we define "hat" and "check" maps by their 
action on (l,n)-forms Y, y: 

Y = - J da^YiP 1 (92) 

V = - da l yip\ 



Since the cocycle potentials (W, w) form an SO (2) doublet, and the momenta 
(P l ,p l ) transform contragradiently, the Noether charges are 50(2) invariant: 

Q A = J da\R A M P M ) + W A + w A . (93) 

Since the Lagrangian is manifestly left invariant, the fully modified charge 
algebra is then the algebra of Noether charges: 

\Qa,Qb} = -t A B C Q c + M AB + rh AB , (94) 

which is also 50(2) invariant. 

Let us now solve the descent equations to find the anomalous term rep- 
resentatives. Solutions can be obtained by taking linear combinations of all 

5 The "fundamental" string used here has a DBI kinetic term rather than Nambu-Goto. 
All actions in the SO(2) orbit of the action are D-strings in a generalized sense. 
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possible terms, and then equating coefficients in the equation. One requires 
the string Fierz identities: 



ra(a/?r a O"375) 





0. 



(95) 



The first two equations dB = H and db = h are found to be solved by: 



B 
b 



1 



dx a - -d9T a e 
4 



(96) 



The next descent equations sB 
tions: 



derate 

dW and sb = —dw then have the solu- 



dx a - -d6T a 
4 



W = -^dx a 6T a a 1 e + ^d9T a 99T a a 1 e + ^6T a edBT a o l (97) 
w = A d x a 6T a a 3 e + ^d6T a 66T a a 3 e + ^6T a ed6T a a 3 6, 

where e refers to the e a ghosts. We comment that solutions b and w for type 
IIB D-branes with higher values of p could be deduced from pj. We now 
obtain the anomalous term representatives M = sW and m = sw: 



M = -dx a eT a aie + -d 
2 8 

m = -dx a eT a a 3 e H — d 
2 8 



eY a QeY a o x Q 
eT a 6eT a a 3 6 



(9J 



Let us now calculate the extended algebras resulting from these repre- 
sentatives. First we need to identify the gauge transformations. These are 
generated by Lorentz invariant fields in Q 0,1 of dimension two. Define some 
"rotated Pauli matrices" as 6 : 



CT. 



cos (2ip)ai — sin (2<^)<73 
sin (2(p)(j\ + cos (2ip)a 3 . 



(99) 



By requiring the gauge fields to form a vector doublet (A, A): 

-Ex a eT a af6 



A 
A 



(100) 



-Ex a eT a a^e, 



3 The angle ip is unrelated to (f> used to rotate the action. 
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the anomalous term remains SO (2) invariant. E and (p are free constants 
which become polar coordinates for the equivalence class of the anomalous 
term. The gauge transformations generated by (jlOOj) are: 

AM = sdA (101) 
= -Edx a eY a af e - l -Ed eY a 9eY a af9 + Ee a eY a afd9 



Am = sdX 

= -Edx a eY a a^e--Ed 



eY a 9nY a o%9 



+ Ee a eY a a%d9. 



The equivalence classes [M] and [to] are obtained by applying these trans- 
formations to the representatives from ([98)1 . This gives: 



[m} af 3 



(1 - 2E)dx a (Y a af ) aP + 
-E{Y a aldB) p 



E 

4 



E 



4 



d 



d 



{T a 6) {a {T a oX6) p) (102) 



{Y a e\ a {Y a ate) p) 



[1 - 2E)dx a (Y a ^) aP + 

[m]ap = -E(Y a a%d9){3. 

One then notes that extended superalgebras are generated from [M] and [to] 
if the following new generators are defined: 

S a = -2dx a 
S a = -dB a 

= —d 
-d 



(103) 



3 af3 



(Y a e) {a (r a *feh) 

{Y a 9) {a {Y a at9) p) 



The resulting spectrum of topological charge algebras is then: 



Qai Pb 
Qa, ^ 

Q a ,t b 

Pi 

3/37 



-Y a a pPa 



E- 1 - 
2 



(Y a af) a(3 £ a + (Y a a%) af3 £ a (104) 



E 



4 



^1 a/3 T i 



3 a/3 



-E 



a/3 
af3 



-y\^ 



-Y\«£P 



Q a ,^f 

Qa, & 



r a a (/3(r a crf ) 7 )<5 — r a 5 ( /3 (r a crf ) 7 ) a 
Y a a {p{Y a at i ) 7 )j - r a 5(/3 (r a crf ) 7)a 



t & . 
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The Jacobi identity for the algebra is satisfied due to properties of the cocycle 
|21j . Indeed, one verifies that the only nontrivial Jacobi identity is given by: 



[QaAQ^Q^}} + cycles 



r (c,/3(r b crf) 7 5)E 



(105) 



which vanishes by the Fierz identities. 

Only half the fermionic coordinates of the action are physical degrees of 
freedom due to the presence of K-symmetry. A simple condition one can 
use to fix K-symmetry is Q\ = [24]. In this case H vanishes. It is then 
simplest to fix the associated potential B and worldvolume gauge field A to 
be vanishing as well. For simplicity, we will then consider only the "unbro- 
ken" supersymmetries (those preserving #i = without the need for gauge 
transformations). Under these conditions, the charges vanish, as do all 
hatted fields and E al . The free angular parameter can then be scaled away 
into E a and E q2 , and the spectrum reduces to: 



Due to the gauge condition 6i — there is no further equivalence class 
freedom, so this spectrum is in its most general form. Upon rescaling, it 
is equivalent to the topological charge algebra derived in [21] of the Green- 
Schwarz superstring action. This is not surprising since, with the gauge fixing 
conditions, the ip = action ()91)1 becomes equivalent to the standard Green- 
Schwarz superstring action [SSI- The only difference is the presence of the 
p-form gauge field in the WZ term, but as in (fTo^) this gauge field has no effect 
upon the topological charge algebra. The SO (2) rotation ip now interpolates 
between Green-Schwarz and Born-Infeld forms of the action, and this also 
has no effect upon the charge algebra. The effect that nonlinearly realized 
supersymmetries of the gauge fixed action have upon the charge algebra is a 
more complicated problem that we will not address here. 

4.2 (p, g)-strings 

To describe (p, g)-strings, the action ([HT]) needs modification in order to ob- 
tain the required expression for the tension [2E]- We will not explicitly give 




(106) 



Qa2i ^ 
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the required action here (see [3UIEI1 for a "duality covariant" formulation). 
Instead, let us simply note the following properties of the action for a (J,j)- 
string: 

• The action is manifestly left invariant, and is constructed from the left 
invariant potentials (F, f) . 

• After constraints are imposed, the momenta (P l , p l ) conjugate to (Ai, ai) 
are: 



(P°,p°) = (0,0) 

(pV) = (jj), 



(107) 



where (J, j) are two integers. 



This is sufficient information for us to give a topological charge algebra for 
the (J, j)-string. The descent equations once again lead to the representatives 
(|98|) for the anomalous terms (M, m). The simplest gauge for the resulting 
algebra is obtained by setting (E,<p) = (^,0) in ()104|) . In this case one 
can remove S^ Q/ g and £30/3 from the algebra since they do not appear in 
the anomalous term. Now impose the constraints ()107|) . and factor out the 
constant momenta from the integrals (}9*2*|) . The algebra is then: 



Qai Q/3 



4 



</(r a (Ti) a/3 £ + j(T a a 3 ) a pE' 
■p , , 



J(rVi) a/3 £ + j(T b a 3 ) al3 j: 
■p 



In the above, we have kept the charges: 



£"* = 2 / da l d x x a 



da x d x Q a 



:i08) 



(109) 



distinct, since the general construction allows this. The Jacobi identity: 



[<9a, {Qp, Q 7 }] + c Y cles 



<^r ( a/3 (r & cri) 7 5)E 



+jT fc ( Q/ g(r 6 CT3) 7( 5)S 



(110) 
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vanishes by the Fierz identities. 

These algebras have seen use in the construction of extended superspace 
actions. The cases (J,j) = (0,1) and (J,j) = (1,0) correspond to algebras 
used in [TH] Ej, while (J,j) = (1,1) corresponds to an algebra used in [TK] . 
These algebras can be used to construct left invariant potentials F and / 
on the associated extended superspaces. This allows extended superspace 
actions for strings and type IIB D-branes to be constructed. In [2H 122], 
the spectrum of topological charge algebras of standard p-brane actions were 
shown to contain the known algebras that allow the construction of left in- 
variant WZ forms. The appearance of known algebras associated with D- 
branes in ()108|) generalizes this result. We may observe quite generally that 
the topological charge algebras generated by a brane cocycle appear to be 
those which trivialize that cocycle. As a result, these algebras then allow the 
construction of extended superspace actions. 

Note that fermionic winding charges are formally retained and used to 
close the algebra. The interpretation of fermionic generators as topological 
charges was considered in 18j. Such charges are generated, for example, by 
open strings with different values for fermionic coordinates at the endpoints 
[19] . or by strings bridging a brane- ant ibrane system . Motivation is 
provided by the fact that fermionic brane charges are necessary in certain 
backgrounds to ensure quantum consistency with Jacobi identities P23J- In 
flat backgrounds, the fermionic topological charges have usually been taken to 
vanish due to the trivial topology associated with fermionic coordinates [33] . 
In that case, the bosonic charges become "central" and the entire algebra 
fTn%|) reduces to: 



Qai Qf3 



</(r a cri) Q)3 E +j(T 



111) 



This type of algebra can be related to partial breaking of rigid supersymmetry 
[HH] via the consideration of particular extended geometries of the brane 

[num. 

Since S and S are physically the same charges, a reduced form of the 
algebra (jlU8j) can be written where these generators are identified. This is: 



-F a a 0Pa 



4 L 



0^3)0/3 

-0 



(112) 



J(TbCri) al 3 +i(r fe o- 3 ) a/ 3 
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Whilst the momenta (J,j) can be viewed as scale factors in (jl08|) . this is no 
longer the case in ([112)1 . The Jacobi identity: 



\Qa>{Qp>Q y }] + cycles 



+jr 6 (a/3(rfeO"3) 7 5) 



(113) 



again vanishes. 



5 Application to the D-membrane 



Let us solve the descent equations for the D2-brane in order to find repre- 
sentatives for the two anomalous terms of the Noether charge algebra. The 
Fierz identities for the membrane are required: 



r° '(a/3 (rilT a) 7 <5) = 
^ ll(af3(^ll^ a) j8) — F b ( a/3 T ab ^s) = 0. 



(114) 



We begin with the NS-NS sequence. The solution for B is found to be: 



B 



dx a - -d6Y a e 
4 



d6T n T a 6. 



(115) 



The equation sB = —dW is then solved by 7 : 



W = ~d^9r n r a e + ^d9T a e9r 11 T a e + ^9r a eder 11 T a 9. (116) 



This yields the representative M = sW for the NS-NS anomalous term: 



M = ^x a er n r a e+^ 
2 o 



er a ^er n r a ^ 



;ii7) 



We now turn to the WZ cocycle. One might deduce representatives for b and 
w for type IIA D-branes from ^U], however to illustrate the procedure we 
will find these quantities for the D2-brane. The equation for U 1 ^ that follows 
from (J22J) is: 



which is easily solved by: 



\d9T n 9. 



:ii8i 



(119) 



7 An analogous solution (without ghost fields) appears in |7j. 
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The equation for is then: 
This is solved by: 



g<8) 



-dx a dx b d9T ab 9 



+dx a 

+der a e 



-d9Y h 9dBV ab B + -d0r n 6dJ0r xl T a O 



±-d6T b 6d6T ab 6 - ^-d9T n 9d9T n T a 9 

4o z4 



From (jHSJ) we determine the equation for w^: 
which is easily solved by: 

',(0) 



The equation for is then: 

div&> 

This is solved by: 



—9T n e. 
2 



. a g(3) _ 



(2) 



dx a dx b 9T ab e 



4 



+ 24 



6T b ed6T ab 9 + d6T b 66T ab e + 50r n ed0riir a 



-derii^rnr e 
i 



240 



d6T a 6d6T b 66T ab e + #r a ed#r 6 #d#r ab # 

+2^r a ^r n #ri 1 r a e - Ud9V a 99V 11 ed9V 11 r a 9 
-9T a ed9r n 9d9T n T a 9 



We then finally obtain the forms: 
1 



m 



(o) 



reTne 



n? 



(2) 



dx a dx b eT ab e 



4 
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+dx a 



■^-9T b ed9T ab e - ^-eT b ed9T ab 9 - ^-d9T b 9eT ab e 
24 24 24 



_l^r b e^r afe e + ^9Tned9T n T a e - ^eT 11 ed9T 11 T a 9 
+—ST n 0eT 11 T a e + ^d9T 11 e9T 11 T a e 

+^-d9T a 9d9T b 9eT ab e - —d9T a 9d9T b e9T ab e 
240 80 

+— 9T a ed9T b 9d9T ab e - —9T a ed9T b ed9T ab 9 
240 60 

1 -eT a ed9T b 9d9T ab 9 - —dOT a ed6Ti 1 6eT n T a e 



240 120 
1 -d0r a 0d0r n e0riir a e + —d9Y a edev 11 oev 11 v a e 



120 80 
' d9T a 99T 11 ed9T 11 T a e + —d9T a 9eT 11 ed9T 11 T a 9 



120 120 
il -c/0r a e0riied0ri 1 r a - —9T a ed9r u 9d9T 11 r a e 



240 240 
1 -9T a ed9T 11 ed9r 11 r a 9 + —eT a ed9T 11 9d~9T ll T a 9. 



240 240 

The corresponding representative of the WZ anomalous term is given by fn, 
where: 



m = m 



^F + m^. (127) 



The first term contains a topological integral of the field strength of the BI 
gauge field, while the first term of is a familiar bosonic term: 

dx a dx b eT ab e (128) 

that also exists in the case of ordinary p-branes These two terms, plus 
the first term of ()117|) . generate the three central extensions of the standard 
supertranslation algebra that are associated with bosonic topology jjj. The 
remaining terms are the ones associated with fermionic topology which gen- 
eralize the solutions of [3 EI] . Since the number of fermionic terms is quite 
large, we will not explicitly calculate the spectrum of algebras associated 
with the WZ anomalous term (j!27J) in this work. 

Let us now calculate the extended algebras resulting from the NS-NS 
anomalous term. Two Lorentz invariant A gauge fields with the correct 
dimensionality are: 

Aj = -x a eT a 9 (129) 
A 2 = -x a er n r a 0. 
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A third possibility: 



-2e a x b r) ab 



(130) 



is equivalent to Ax since sdA 3 = sdAx. Some other possibilities that we will 
not use here are given in appendix lA.il The gauge transformations generated 
are: 



AiM 
A 2 M 



sdAi 

-dx a eT a e + e a eT a d9 
sdA 2 



(131) 



-dx a eT n F a e - -d 



eT a 6eT n T a o 



+ e a eT n T a de. 



The full class [M] for the anomalous term is then obtained by applying these 
transformations to the representative (|117|) : 

[M] = M + E 1 A 1 M + E 2 A 2 M, (132) 

where E\ and E 2 are free constants which parameterize the class. This gives: 

[M] aP = (l-2E 2 )dx a (T 11 T a ) a / 3 -2E 1 dx a T aa/3 (133) 

r 



+ 



E> 



4 



d 



(T a 6) {a (T 11 T a 9) p) 



-E x {V a d9)p- E 2 {T n T a d9)i 



One then notes that [M] generates a spectrum of extended superalgebras if 
three new generators are defined 8 : 



-2dx a 

-de a 



(134) 



-d 



(T a e) ia (T n T a t 



The resulting topological charge algebra is then 

1 



Qai Qf3 



E,-~ 



aa/3 



± a (135) 



E-> 



4 



8 A term analogous to Y, a p was obtained in |l(Jj . However, due to the trivial fermionic 
topology used there, a vanishing charge was obtained. One also does not obtain [Q, P] 
or [P, P] anomalous terms under this assumption since such charges are fermionic on 
dimensional grounds (see |22]1. 
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pa, Z b 



iy 3 



r a a (/3(rnr a ) 7 )5 — r a ( 5( ( g(rnr a ) 7 ) a 



The Jacobi identity for the algebra is again satisfied due to properties of the 
cocycle. One verifies that the only nontrivial possibility is: 



QaAQa,Q- 



cycles 



:r fe ( a /3(r 11 r b ) 7 5)S 6 



(136) 



which vanishes by the standard Fierz identity. The algebra ()135|) is not 
restricted to the membrane. Apart from the worldvolume embedding, the 
DBI term of the Dp-brane action is the same for all values of p. The NS 
cocycle thus generates the same algebra for all standard, type IIA D-brane 
actions with p > 2. Similarly, the subalgebra of (|l()4jl which contains only 
the NS charges is the same for all type IIB D-branes. 

An algebra within the spectrum (jl35j) has also been used in the context 
of trivializing cocycles. In the special case E 2 = \, S a/ 3 is not present in the 
anomalous term and can be excluded from the algebra. The gauge E\ = 
then yields an algebra which corresponds to one used in the construction 
of extended, type IIA superspace actions for strings, D-branes and string- 
brane systems ^3 |3J Ej 9 - We note that in both the type IIA and IIB 
cases, the free constants in the spectra do not correspond to rescalings of 
the previously known algebras. The Noether charge algebras of standard 
superspace D-brane actions thus generate new candidates for the algebras 
underlying extended superspace action formulations. 



6 Comments 

Recently we have been investigating topological charge algebras associated 
with brane cocycles. We find that these algebras are such that they allow the 
trivialization of the cocycle from which they derive. As a result, in the case of 
p-branes, the algebras allow the construction of left invariant WZ forms. For 
D-branes, they additionally allow the construction of extended superspace 
actions without worldvolume gauge fields. Such actions have already been 
constructed using previously known algebras (THl HE1 El HI HZ| • We would like 
to determine whether all algebras in the spectra derived in this paper can 

9 A redefinition S Q — > TuS" is required to establish the correspondence with [151 117) . 
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be used to construct extended superspace actions. Work on this issue is in 
preparation. 

For simplicity, we have here considered actions without the background 
scalars. If these scalars are included, the action is invariant when they take 
their vacuum values. Representatives for the required anomalous terms then 
result from solving the same descent equations. The process thus depends 
only upon the field strengths (i.e. nontrivial cocycles) involved, and the 
background scalars do not contribute directly to the topological charge alge- 
bra. However, they may contribute indirectly through the consideration of 
dualities (for example, as a restriction on the gauge fields, as in section E~TJ) . 
We note here that an algebra parameterized by the background scalars was 
considered in [TH]. This type of algebra might be expected to arise as a topo- 
logical charge algebra if the scalars (belonging to the coset SL(2,M) / SO(2)) 
are identified with coordinates of the duality group. 
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A Appendix 

A.l Additional gauge fields 

The gauge transformations (jlOOj) and (jl29j) are not the only ones consistent 
with dimensionality and Lorentz invariance. For example, in the IIA case 
one can also consider the gauge fields: 

A (6) = er ai ---'W 11 r oi ... ai (137) 

a'W = er 11 r oi ---<w ai ... O6 0, 

where in A^, b is such that TuT ai ^ ab is antisymmetric, while in A'( b \ b is 
such that r ai ... a6 is antisymmetric. The minimal Green-Schwarz superstring 
action appears to be special in that this type of gauge transformation does 
not contribute to the topological charge algebra [21] . In the present type IIA 
example extra terms are contributed to (j!35p . however there are no extra 
generators required. Define A b M = sdA^ and A' b M = sdA'^. For E 2 ^ \ 
one can then set: 

(E b A b M al3 + E' b A' b M a(3 ). (138) 



a/3 



■'a/3 
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The only alteration to the algebra then occurs as additional terms on the 
RHS of [(5a,£/3 7 ]- These additional terms do not appear to contribute to 
calculations involving trivialization of the cocycle (a point we will not illus- 
trate here). Since this appears to be the main application of the algebras, 
we chose not to make use of such gauge transformations. 
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